ABSTRACT. If p is a polynomial of degree at most n such that \p(x)\ < Vl -x2 for -1 < X < I, then for each k, max|p(*'(x)| on [-1,1] is maximized by the polynomial (i2 -l)Un-2(x) where Um is the mth Chebyshev polynomial of the second kind. The purpose of this paper is to investigate if it is enough to assume |p(x)| < \/l -x2 at some appropriately chosen set of n + l points in [-1,1]. The problem is inspired by a well-known extension of Markov's inequality due to Duffin and SchaefTer.
is the nth Chebyshev polynomial of the first kind. A. A. Markov's result was extended by his brother W. A. Markov [7] as follows.
THEOREM A. Ifpe3Bn such that ||p|| < 1, then <» i^'i^"c)-,v-1,'y,:?:^.r)(*-"') for all fcGN.
In 1938 Duffin and SchaefTer [13] obtained a much shorter proof. Subsequently [2] they also found the following remarkable refinement (for another proof see [3] ).
THEOREM B. The conclusion (1) of Theorem A holds, if only p€3Bn and (2) |p(cos^7r/n)| < 1 for t/ = 0,1,...,n.
In addition they showed that if E is any closed subset of [-1,1] which does not contain all of the points cos(i>7r/n), then there is a polynomial p G S?n bounded by 1 on E for which (1) is not satisfied.
Theorem B has applications in the theory of Lagrange interpolation. In particular it is used to construct optimally stable formulae for numerical differentiation of functions / satisfying ||/|| < cc; see [1, 6] .
In 1970 P. Turan posed the following Problem. Let pe3t>n such that (3) |M|,:= sup JfffiL<l.
-KK1 Vl -X* How large can ||p^|| be? For fc = 1 the answer was given in [10] , for fc = 2 in [8] and for arbitrary fcGN in [9] . The complete result turned out to be THEOREM C. Letn>2 and peS^n such that ||p||, < 1. Then
for all fcGN, where Um(x) := --,-rsin(arccos x) denotes the mth Chebyshev polynomial of the second kind. In (4) equality is attained only for p(x) = ^Qn(x) with |-y| = 1.
For later reference we mention that for fc = 1 the estiamte (4) is equivalent to (6) ||p'||<2(n-l).
Since the time the case fc = 1 of Turan's problem was settled the question arose if in view of Theorem B of Duffin and Schaeffer it would not be sufficient to require that \p(x)\ < \/l -x2 holds only at n + 1 especially chosen points in [-1,1] . We investigate this question in the present paper. The answer is somewhat surprising in the sense that it is "no" for fc = 1 and "yes" for all fc > 1. More precisely, we have THEOREM 1. Given any infinite triangular matrix Xq Xy
there always exists a sequence of polynomials p G 3Bn and a sequence of points
as n -y oo.
On the other hand we have the following theorem. 
for all fc > 2 and x G [-1,1].
Lemmas.
We shall need some of the results of Duffin and Schaeffer [2] which we state as Lemmas 1, 2 and 3. If p(x) is any polynomial of degree n, we may represent it by the Lagrange interpolation formula with respect to the nodes xo,Xy,...,xn and find after differentiation
Since a polynomial of degree n can be required to assume prescribed values at n +1 different points we can (in view of (21) and (22)) find p G 3Bn satisfying (7) replaced by p'(x). Now (11) and (11' (11) with p replaced by q we obtain the desired inequality.
